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1 .Introduction 


If two differential operators 

n m 

L n = Y_Z U i( X ) dl xi L m = Y^ Vi(x)8 l x 

i —0 i=0 

commute, then there is a nonzero polynomial R(z, w) such that R(L n , L m ) = 
0 (see [JLj). The curve T defined by R(z,w ) = 0 is called the spectral curve. 
The genus of the curve R(z, w) = 0 is called the genus of commuting pair. If 


L n i\) = zV 1 , L m ^> = wt/j, 

then (z, w) G T. For almost all (z, w) G T the dimension of the space of com¬ 
mon eigenfunctions ^ is the same. The dimension of the space of common 
eigenfunctions of two commuting differential operators is called the rank. 
The rank is a common divisor of m and n. 

If the rank equals 1, then there are explicit formulas for coefficients of com¬ 
mutative operators in terms of Riemann theta-functions (see 0). 

The case when rank is greater than one is much more difficult. The first ex¬ 
amples of commuting ordinary scalar differential operators of the nontrivial 
ranks 2 and 3 and the nontrivial genus g=l were constructed by Dixmicr 
[8] for the nonsingular elliptic spectral curve w 2 = z 3 — a, where a is an 
arbitrary nonzero constant: 

L = (d 2 + x 3 + a) 2 + 2x, 

M = (d 2 + x 3 + cm) 3 + 2>xd 2 + 3d x + 3x(x 2 + a), 

where L and M is the commuting pair of the Dixmier operators of rank 2, 
genus 1. There is an example 

L = (<9 3 + x 2 + ol ) 2 + 2d x , 

M = (d 3 + x 2 + cr) 3 + 3d x + 3(x 2 + Oi)d x + 3x , 
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where L and M is the commuting pair of the Dixmier operators of rank 3, 
genus 1. 

The general classification of commuting ordinary differential operators of 
rank greater than 1 was obtained by Krichever [3]. The general form of 
commuting operators of rank 2 for an arbitrary elliptic spectral curve was 
found by Krichever and Novikov [4j. The general form of operators of rank 
3 for an arbitrary elliptic spectral curve (the general commuting operators 
of rank 3, genus 1 are parameterized by two arbitrary functions) was found 
by Mokhov Also operators of rank greater than 1 was considered in 

ra, m- 

Mironov in [7] constructed examples of operators 

L = (d 2 + A$x 3 + A 2 X" + A\X + A 0 )~ + g(g + 1)A.3X, 

M 2 = L 2g+1 + a2gL~ 9 + ... + a\L + czg, 

where a* are some constants and Ai, A% ^ 0, are arbitrary constants. Oper¬ 
ators L and M are commuting operators of rank 2, genus g. Furthermore, in 
[S] it was proved by Mironov that operators L\ and M\ 

L\ = (d 2 + a{P(x) + ao) 2 + oi\g 2 g{g + l)V(x ), a\ ^ 0, 

M 2 = L^ + a2gL^ J + ... + cl\Li + ao, 

where a; are some constants, cq are arbitrary constants and V satisfies the 
equation 

(V\x)f = g 2 V 2 {x) + giT(x) + 5 - 0 , 92 7 ^ 0, 

where g± and g 2 are arbitrary constants, is a commuting pair of rank 2, genus 
9- 

Let p(x ) be the Weierstrass elliptic function satisfying the equation (p'(x)) 2 = 
4 p 3 (x) + g 2 p(x ) + ^ 3 . Mironov proved in [9] that operators L 2 and M 2 

L 2 = ( d 2 + aip(x) + «o) 2 + Sip(x) + S 2 p 2 (x ), 

M 2 = L 2 + + b2 g L 2 + ••• + b\Ij2 + bo, 

where 6* are some constants, aq = | — 2 g 2 — 2g, Si = \g(g + l)(16a 0 + 5g 2 ), 
s 2 = —4g(g + 2) (g 2 — 1) and a 0 is an arbitrary constant, are also a commuting 
pair of rank 2, genus g. Using the same methods many other examples were 
found [T7], [IS] . 

Examples of commuting ordinary differential operators of arbitrary genus 
and arbitrary rank with polynomial coefficients were constructed in [11] by 
Mokhov. 

Consider 

L\ = ( d 2 + Aqx® + A 2 X 2 ) 2 + 16g(g + l)Agx 4 , 

L 2 = ( d 2 + A^x^ + A 2 X 2 + Aq)" + 4 g(g + X)A^x 2 , 
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where g E N, A 6 0, A 4 0, A 2 , A 0 are arbitrary constants. Operators L\ 
and L 2 commute with operators of order 4g+2 (see [12], [13]). The spectral 
curves of these operators have the form w 2 = z 2m+l + a 2m z 2m + ... + a\Z + a 0 . 
Moreover, the following theorems are proved in m, pi- 

1) If L = (d^ + A n x n + + ... + A 0 ) 2 + B k x k + + ... + B 0: 

where n > 3, n E N, A n 7 ^ 0, Bk f 0, commutes with a differential 
operator M of order 4<7 + 2 and M, L are operators of rank 2, then 
k = n — 2 and B = (n — 2 ) 2 m{m + l)A n for some m E N. 


2) For n > 6 operator L = (c^ + A n x n ) 2 + B n _ 2 x n ~ 2 does not commute 
with any differential operator M of order Ag + 2, where M and L could 
be a pair of rank 2 . 


3) If n — 5, then L = ( d 2 + Ax b ) 2 + 187hc 3 , A 7 ^ 0, commutes with a 
differential operator M of order Ag + 2 for all g and M,L are operators 
of rank 2 . 


4) The operator (d 2 + Ax 5 ) 2 + 9 m(m + l)Ac 3 , 4^0 does not commute 
with any differential operator M of order 4g + 2, for m > 1, where M 
and L could be a pair of rank 2 . 

Let us consider the operator 


L 4 = + u(x). 

Assume that u(x) has poles at points Gp, a 2 ,.... In a neighborhood of a.; 

u(x) = 7 iPh ~ k \k + 7 y?t ’~ fe u 1 + + ^>° + “ a i) + °(( x ~ a i) 2 )- 

(x - af) k (:x - 

The main results of this paper are the following. 


Theorem 1.1 

If L± = df + u{x) commutes with a differential operator M of order Ag + 2 
and M, L 4 are operators of rank 2, then u(x) can have pole only of order A, 
Vi-4 = ni(Ani + l)(Ani + 3)(Ani + A), m G N, (p i}4 ,k-i = 0, where k = 0, 
l = 1, 2, 3. Moreover 1 = FiAr-3 = 0, where r — + 1,..., g. Function 

u{x) can’t have isolated pole at infinity. 
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Corollary 1.2 

Suppose u(x) is elliptic, simply-periodic or rational function and hasn't iso¬ 
lated singularity at infinity. Let a 4 be the unique pole in a fundamental par¬ 
allelogram, a period-strip or the complex plane respectively. The operator 
L 4 = df + u{x) commutes with an operator M of order Ag + 2 and M, L 4 
are operators of rank 2 if and only if <^ 1,-4 = 9 (Ag + l)(4g + 3) (4 g + 4), 
TiAk-i = 0, where k = 0, g, l = 1, 2, 3. 

Corollary 1.3 

Let p(x) be the Weierstrass elliptic function satisfying the equation (p'(x )) 2 = 
4 p 3 (x) + g 2 p(x) + g-z- The Operator 

L 4 = + n(An + l)(4n + 3)(4n + 4 )p 2 (x), 

where n G N, commutes with an operator of order An + 2 if and only if p(x) 
is a solution of the equation ( p'{x )) 2 = A(p(x )) 3 + g 2 p(x). If g 2 = 0, then we 
obtain L 4 = df + fi ( 1 ' t + 1 H- 1 » 4 + 3 )( 1 ' i +- 1 ) _ Calculations show that for n less than 8 
the spectral curve is non-singular for almost all g 2 . 

Example 1.4 

Let p(x) be the Weierstrass elliptic function satisfying the equation ( p'{x )) 2 = 
Ap 3 (x) + g 2 p(x) + gz- Consider the operator 

L A = d i x + 280 p 2 (x) + 280 p 2 (x - a), 

Suppose that #3 = 0 and a = u>i, co 2 or oj\ + u 2 , where t Oi are half-periods. 
Then L A commutes with an operator of order 6 . 

Analyzing the proof of Theorem 1 we obtain the following conjecture 

Conjecture 

Let u(x) be elliptic (meromorphic) function with finite number of poles in 
a fundamental parallelogram (in C and hasn't isolated pole at infinity ). 

i=m 

Assume S = ^ n l + 1 , where m is number of poles. If Pi- A = rp(4rp + 

i= 1 

l)(4rij + 3)(4 ni + A), ip iA k-i = 0, p iA r-i = Pi^r-z = 0 ; where k = 0, ...,n i; 
r — rii + 1 ,S and l — 1 , 2 , 3, then L A = df + u(x) commutes with a differ¬ 
ential operator of order AS + 2 . 

Theorem 1.5 

If L 4 commutes with a differential operator M of order Ag + 2, M and L A 
are operators of rank 2 and u(x) has pole at a t , then solutions of the equa¬ 
tion ip( 4 \x) + u(x)ip(x) = \fi>(x) have singularities at a* of the following type 
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x ai ' r g(x), where r = 1,2, 3,4 and g(x) is holomorphic at at, 

Vi, 1 = 1(1 - 4 Hi - a /1 - 16 Hi - 16 nf) 

Vi ,2 = |(1 - 4'rij + a/1 - 16rij - 16 nf) 

Vi ,3 = |(5 + 4 m - a/ 1 - 16ni - 16nf) 

cr ij4 =1(5 + 4n* + a/ 1 - 16ni - I6nj). 

This means that common eigenfunctions of commuting operators always have 
branch points. Hence L 4 doesn't commute with an operator of odd order. 


The author wishes to express gratitude to Professor 0. I. Mokhov for ad¬ 
vice and help in writing this paper. 

2. Commuting differential operators of rank 2 


Consider the operator 

L = {d 2 x + V(x)) 2 + W(x) (1) 

From [TJ it follows that the operator L commutes with an operator M of 
order 4g + 2 and the spectral curve of L and M is hyperelliptic curve of 
genus g and hence operators L and M are operators of rank 2, if and only if 
there exists a polynomial 

Q = z 9 + ai(a;)^ 9_1 + a 2 (x)z 9-2 + ... + a g _i(x)z + a g {x) 

that the following relation is satisfied 

Q (5) + 4 VQ"’ + 6V'Q" + 2Q’(2z - 21+ + V") - 2 QW’ = 0, (2) 


Q’ means d x Q. The spectral curve has the form 

Aw 2 = AF(z ) = A(z-W)Q 2 -4V(Q , ) 2 +{Q") 2 -2Q , Q" , +2Q(2V , Q , +AVQ"+QW). 

(3) 


If V(x) = 0, then we have 

g (5) + 2Q’(2z - 21+) - 2Q1+' = 0, (4) 

Aw 2 = AF{z) = AzQ 2 + (Q") 2 - 2 Q’Q’" + 2 QQ^. 

Using Q we get 

aq’z = -g {5) + 2gi+' + 4g'i+. 
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So we have the following system : 


' ai = W/2 + C\ 

! 4 a' 2 = -af + 2ai W' + 4a' W 

< 4a' +1 = -af ] + 2a^' + 4a'W 

Aa' g = -af^ + 2a g -\W' + 
k 0 = -aJ 5) + 2a g W' + 4a^hh 

It is clear from the system that the result in [7] can be formulated in the 
following way. Let a 4 = Wj 2 + C'i , where C\ is an arbitrary constant. Define 
a, by recursion 


a i+ i — C i+X + — J (— a\ ^ + 2 CLjW' + 4 a! i W)dx. (5) 

We see that if V(x) = 0, then (Jl| commutes with an operator of order Ag + 2 
and these operators are operators of rank 2 if and only if a g+ 1 = const. 
From the proof of Theorem 2 in [7] easy to see that a,i(x) is a polynomial in 
W{x), W'{x), But we will prove this fact by direct calculations. 

We have 


f r\i r ( w, uj [,W(x)W'{x) s 
j {W(x) ai (x))dx = J (---) = 

J (3 W 2 (x)a[(x) — af\x)W (x))dx 

= \w 3 (x) - \(W"(x )) 2 + l -W'(x)W"'{x) - i 


W 2 {;x) 

’ 

W(x)W (4 \x). 


Let us suppose that a k , J W(x)a' k (x)dx and f (3 W 2 (x)a k (x)—a k 5 \x)W(x))dx 
are polynomials in W(x), W'(x),W"{x),... We obtain 


a M (x) = C M + - / (-f>(«) + 2a k (x)W'(x) + 4a' h (x)W(x))dx = 


— Cfc+1 — 7 


if(x)dx + - 


d(a k (x)W(x)) ix+ 1 f , k(x)w(x)dx 

lio/ Z / 


So, we see that ak+i(x) is polynomial in W{x), W'{x),W"{x)... And analo¬ 
gously easy to check that f W(x)a' k+1 (x)dx and f (3W 2 (x)a k+1 (x) —a k ] rl {x)W {x))dx 
are polynomial in W{x), W'{x),W"{x)... 


Let L 4 be the operator 


L 4 = d 4 + u(x). 


6 







The commutativity condition of L 4 and Lq is equivalent to the equation 
AC\u(x) + 6 <u(x)v!(x) — u^\x) = 0, 


for some constant C\. Consider differential equations in u{x ) 

0 = f j+ i(x) = C i+ 1 + [ (■ u(x)f'(x ) + - ^ j - )ch, (6) 


where 


/1 — C'i + 


u(a;) 


We see that L 4 commutes with an operator of order Ag + 2 if and only if there 
exist constants C\,C g such that f g+ 1 = const. 


3. Proof of Theorem 1.1 and corollaries 
3.1 Proof of theorem 1.1 

Assume that u(x) has poles at points op, a 2 ,... in C. 

Lemma 3.1 

If L 4 commutes with an operator of order Ag + 2, then u(x) can have poles 
in C only of order f. 


Proof. Assume that u(x) has pole of order k at point a*. Since L 4 commutes 
with an operator of order Ag + 2, we have f +1 = 0. Suppose f g has pole at 

point a* of order m; then u{x)f g {x) + u has pole of order k + m + 1 

and fy 5 \x ) has pole of order m + 5. Hence, we see that if f g+ 1 = 0, then 
k+m+l=m+5. We get k = A. 

□ 

By A^ m denote a coefficient in the term (x — ai) m in Laurent series of /*, 
at point eq. We see from Lemma 3.1 that /*, has pole of order Ak at point a*. 
Assume that Laurent series of u(x) has the form 

/ \ _ Pi -4 , Pi ,~3 , Pi -2 . Pi-1 . 

u \ x ) — 7- u + 7-+ 7-7y A -h 

(a; — ad 4 (a; — ai) 6 (a; — ai) z x — a* 

+</?*,0 + (x - a*) + - a.i) 2 + -aff + Lp iA {x - a*) 4 + +0({x - aff). 
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Lemma 3.2 

If L 4 commutes with an operator of order 4 g + 2, then 
(Pi -4 = nj(4rij + l)(4rij + 3)(4nj + 4), where n* G N and 


1 (2k + l)Al_ 4k (<p_ 4 - k(4k + l)(4/c + 3)(4/c + 4)) 


A k+ 

^i,—4k—4 


Proof. In a neighborhood of a* 

M 


fi = 


J (x - a*) 4 - 7 ’ 


2A; + 2 


+ 0((x — af) 4j+1 ). 


+ 0((x - af) 4j 4 ) = 

+ 0((x - a .)- 4 J- 4 ). 


Easy to see that 

/; = ( ^’~ 4 + 0(_-j—-))(_ + 0(( x - aj) _4j ) + 

Jj+1 V (x-ai) 4 v (x-ai) 3 (x-ad 4j+1 vv ; ; 

+ ( _ 7 ~ \ 5 + 0(7-T4))(7— + 0 ((x - af 4j+1 ) + 

(x — a*J (x — ad (x — af ^ 

m + l)(4j + 2)(4j + 3) (4j + 4)4_ 4 . 

+ (x - af)P +b 

(4 j_ + 2)(^,_ 4 - j(4j + l)(4j + 3)(4j + 4))^_ 4j - 
(x - a.j) 4j,+5 

So, integrating we obtain that 

„ J+1 W + l)(Vi.-i - J(4j + l)(4j + 3)(4jr + 4))4_ 

2j + 2 

If f' g+1 = 0, then the leading term of principal part must vanish. Hence, 
(Pi - 4 = nfini + l)(4rij + 3)(4nj + 4) for some n*. 

□ 

Lemma 3.3 

Suppose j < ni + 1 and in a neighborhood of a t 


4j 


fi = 


M 


i,-4j 


+ 0((x-af) 4j+1 ); 


3 (x - afP 
then A\ _ 4] > 0 and if j ^ n.j + 1 , i/ien Af_ 4] = 0. 



Proof. Since pi - 4 = ni(4ni + 1)(4n* + 3)(4n* + 4) and 


A j+1 


(2 j + l)(<Pi,-4 ~ j(4j + 1)(4 j + 3)(4 j + 4))A] Aj 

2 j + 2 


( 7 ) 


we see that if j < rii + 1 , then 4 ■ > 0 . 

If j + n ?; + 1, then = 0. □ 

Let us prove that u(x) can’t have isolated pole at infinity. Assume the 
converse. Then u(x) has pole at infinity of order m. We have 


fi = Al 


00, m 


X 


+ 0(x 


m—l\ 


Pc 


+ 0(x 


m—l\ 


But /2 has pole at infinity of order 2 m and A ^ 2m = 
0. I.i general A**}. - 


2 mA L,mV 


% +m(p 0 


1 00, m 


oo.m+mi/’oo.m^ ,fc m 


4m 

V’oo.m-Ajo m fc(2fc+l) 


7^ 


oo,(/c+l)m 2ra(fc+l) 2(fc+l) 

So, order of pole increases and there is no k such that fk vanishes. 


^0. 


Lemma 3.4 

If L 4 commutes with an operator of order 4(7 + 2, t/ien 
V?i ,-3 = Pi ,—2 = Pi- 1 = 0 for all i. 


Proof. By definition, fi(x) — C\ + in a neighborhood of a* has the form 


/1 = y ‘'~ 4 , 4 + ,, + 0((x - 0i )- ,+1 ), 

2(x — dj) 4 2(x — at) 1 

where l = 1,2,3. Therefore, / 2 (x) = u(x)f[(x) + u _ h PI j n a 

neighborhood of a* 


(x — dj) 4 (x — ai) 1 (x — ai) b 2(x — dj) t+1 


Pi,—4 


lPi,-l 


+(-7r^- .i: r, :‘i,., +o(^-« i )~ , ))(7j gj w.+7f g; +7+o((^-« i )~ ,+1 ))+ 


(x — dj) 5 4(x — dj) i+1 


(x - dj) 4 (X - dj)* 


840+j _ 4 + l (l + !)(/ + 2)(/ + 3)(Z + 4)y+_ f + q ,-!- 4 j = 


(x - dj) 9 


8(x — d*) i+5 


3+i,-4(+i,-4 — 280) pi_i(A + 0 ( 6 v ? »,- 4 — l (l + 1 )(^ + 2) (l + 3)) ,, \- z - 4 i 


(x - dj) 9 

Integrating, we obtain 


8(x — d,;) i+5 


+0((x—dj 


h{x) = 


3pi-4(Pi,-4 — 280) Pi,—l (fIPi,—4 — l{l + 1)(^ + 2 )(/ + 3)) \-l-3\ 


8(x — dj) 8 


8(x — dj) z+4 


+0((x-dj 
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Note that 6^-4 — l (l + 1)(/ + 2) (l + 3) > 0. Consider /*,, where k ^ n t 

Ak Ak 

fk = 7 '• lj ;,, + , +°((* - ^) _4fc+3_z )- 

(a: — ai) 4k (.x — aj) 4/c 4+t 


Let us prove that 


for k < n h (8) 

where 4 > 0 and doesn’t depend on </?*_/. The proof is by induction 

on k. We checked this for k = 2. By the induction hypothesis, A k _ 4k+4 _ t = 

4fc+4-* and ^?-4fc+4+i > °- 

Easy to see that 


fk+l 


(2 k + l)(</?j j _4 — k(Ak + l)(4/c + 3)(4/c + 4 ))t4^_ 4 ^ 
(2k + 2)(x — a*) 4fc+4 


<Pi,-iAl_ 4k (8k +1 ) 

+ 2(4& + 0(z-a;) 4fe+ ' + 

(4/c — 2 + /)(4</?j _4 — (4/c — 4 + l)(4k — 3 + l)(Ak — 1 + l)(Ak + Z))^4^_ 4^+4 _ 1 

4(4 k + /)(a; — a*) 4fc+i 


A k +1 

4k —4 


UC 


C ; 


|4fc+4 


+ 


4 fc +1 
^i,-Ak-l 


(X 


aiY k+l 


+ 0((x — aj) 


—4fc+l—Z\ 


We see that A^\ k _i = <Pi -iK^^Xk-v We obtain that A’ 4 fc + 4fc _ i > 0 because 
A k _ 4k > 0, where k ^ n*. So, (8) is proved. 

We know from Lemma 3.2 that t 4”L i 4 ^._ 4 = 0. If k ^ n,; + 1, then 

,_i_i A^_ 4fc+4 _ ; (4/c — 2 + /)(4<^j ) _4 — (4/c — 4 + l)(Ak — 3 + l)(Ak — 1 + l)(Ak + /)) 

*’- 4fc - z = 4(4/c + /) 


Easy to see that if k ^ n* + 1, then 

4ni(4ni +1)(4n* + 3)(4n* + 4) - (4fc -4 + /)(4fc - 3 + /)(4fc -1 + 1)(Ak + 1)) < 0. 

Finally we obtain that if there exists a g such that f g+ 1 = 0, then A k _ 4k+4 _ t = 
(Pi-iK k _ 4k+4 _ t = 0 for some k. But K k _ 4k+4 _ t Y 0 for all k. Hence, (pi-i = 
0. ’ □ 


Now let us prove the main part of Theorem 1.1. 
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in a neighborhood of a* 


From Lemma 3.4 we know that fi(x) — C\ + l -^p- 
has the form 


fi 


_^_ + ^ +gi + y „,.,( I -,r +0((i _^-, 


where l = 1,2,3. Then f^x) = u(x)f[(x ) + - ) in a neighbor¬ 
hood of Cbi 


r ^(Pi,—4 280)<^9j j _4 Pi,—4(^Pi,0 T 2Cd) ^Pi,—4Pi,4—l rM! \ — /_)_i> 

J 2 o / 77s I 777 7TZ I 7771 777 r (P((x — (li) , 


8(a; — a.j) 8 


A(x — a *) 4 4(x — a.i) 1 


(9) 


We see that the coefficient in the term (x — eq) 1 equals Sip ‘ 4 4 . Consider 
fk 


fk ~ 


Ak Ak 

yl i,-4fc+4 ^ 1 i,-4fc+8-Z 

I / \ A 1- A ' 


Ak 

^i,-4k 

(x — a*) 4fc ' (x — aj ) 4fc-4 ' (x — aj) 4fc_8+ * 


+ 0((x - ai)- 4fc+9 - z ) 


Let us show that A\_ 4k+ 8 _ t = ¥>i,iAj_ 4fc+8 _„ where A*_ 4fe+8 _ z ± 0 and 
doesn’t depend on < Pi^-i . The proof is by induction on k. We checked this 
for k = 2 . 


n _ A,-4fc—4 A.-4A; ^ + l)ipi^-lA\_ 4k 

k+1 (x — a.i) Ak+i (x — ciiY k 2(Ak — 4 + l)(x — aj) 4fc_4+i 
(4fc - 6 + 0(4^,-4 - (Ak - 8 + /)(4fc - 7 + Z)(4/c - 5 + l)(Ak - 4 + Z))^4j_ 4fc+8 _ l 

4(4/c — 4 + Z)(x — aj) 4fc_4+i 


+0((x-a,,)- 4fc+5 - i ) 


So, we have 


( 10 ) 


K‘ fc+1 

Iv i,—4k+4—l 


(8k — 4 + 


4k 


2(Ak — 4 + /) 

(4fc - 6 + 0(4^,-4 - (4fc - 8 + l)(Ak - 7 + l)(Ak -5 + l)(Ak-A + l))K^ 4k+8 _ t 

4(4 k - 4 + /) ' 


We see that if k < n, : + l, then A^+ 4fc+4 _j >0. If k > rii + l, then from Lemma 
3.3 we obtain that A*_ 4k = 0. Hence, if k > rii + 1, then K^_ 4k+8 _ t < 0. But 
A \_ 4fc+8 _; = Pi,iK k -4k+8-i anc l we must find a (7 such that f g+ 1 = 0. It now 
follows that A^_ 4k+8 _ t = 0 for some k <pij = 0 . 


In general, assume pt^k-i = 0, where k = 1,..., m — 1, / = 1,2, 3 and m ^ n l . 
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We have already checked this for m = 2. Let us prove that < p^Am-i = 0. We 
have 


fi = 


i,—4 


t=m —1 


2(x 


+ ^r + c,+ £ 


<PiM X ~ a i) 4t + ViArn-ljx ~ aiY™ 1 + 


t= 1 


( 11 ) 


Then 


t=m—k 

fk= A iAt( X - a i) 4t + A i,4m-4k+4-l( x 

t=—k 


Cli 


Am—Ak-\-A—l 


+ ... 


fk+i = Y. ^*(* - + C«i‘ - +- 

t=—k— 1 

Calculations show that 


A k+1 

4fc —l 

(4 m — 4k + 2 — 0 A)4m-4fc+4-Z 

— _2_!_X 

4(4m — 4 k — l) 

x (4</?j _ 4 — (4m — 4/c + 4 — Z) (4m — 4k + 3 — Z) (4m — 4/c + 1 — /) (4m 

, (4m -8k- l)(p iA m.-iA k _ 4k 
+ 2(4m -4k-l) ‘ 


4 k-l))+ 
( 12 ) 


If we take m — 1 in (12), we get (10). 

Since AUm-/ = we obtain from (12) that A^_ 4k _ t 

where doesn’t depend on 


n 7>^/c+l 

YiAni-l^-iAm-Ak-li 


tjT/n — et/v — i 

(4m — 4/c + 2 — 0 Ki : 4m-4k+4- l 
4(4m — 4 k — l) 

x(4<^i_ 4 — (4m — 4/c + 4 — /)(4m — 4k + 3 — /)(4m — 4k + 1 — /)(4m — 4k — /)) + 

(13) 

(4m -8k- l)A k _ 4k 
+ 2(4m -4k-l) ’ 


Lemma 3.5 

Number 4fe _ _ z 7^ 0 for m ^ n*. 
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Proof. Consider two cases. 

1)1 = 2 . 

From (13) we obtain that 

A rn +1 _ ( 4m + 2 )PiArn-2A™_ 4m _ (4 Td + 2)A™_ 4m 

We see from Lemma 3.2 that if m ^ n*, then KfAJ > 0. 
expression (13) is positive. So K*Xm-Ak -2 > 0 f° r ^ > m - 


T^m+l 

■ PiA m -P'-i,—2 • 
But for k > m 


2) l = 1 or l = 3. 

If K iAm-4m-i = °> then from ( 13 ) we S et 

(4m - 8 m - l)A n A_ 4n . = 

2 (4m — 4n, : — /) 

= (4m - Am + 2 - 0 ^rn-irn+A-l „ 

4 (4m — 4n,; — l) 

x (4(/?j _ 4 — (4m — 4rij + 4 — /)(4m — 4rij + 3 — /)(4m — 4n* + 1 — /)(4m — 4rij — /)). 

But calculating -^\ m _ An . +i _i recursively using (12) we see that the expression 
above is not true. 

□ 

We know from Lemma 3.3 that A^_ 4k = 0 for all k ^ n t + 1. So for 
k ^ rii + 1 we have 

Ki,4m-4k-l = 

(4m — Ak + 2 — l)K^ 4 4k+4 _i 

— _1_I_ x 

4(4m — Ak — l) 

x(4(/?j_ 4 — (4m — 4fc + 4 — Z)(4m — 4/c + 3 — /)(4m — Ak + 1 — /)(4m — Ak — /)) ^ 0 

So, if there exists a g such that f g+ 1 = 0, then for some k coefficient 
At4m-4fc-i = = 0 ^ = 0. 


Now suppose that g > n t . Then 

t=m— 1 


f = ‘Ft- 4 I 

J1 2(x-ai) 4 2 


(ft,0 ^ \ A ^Pi,Am—l{% Q*i) 

+ Gl+ 2^ -9- + - V 


Am—l 


+ 


t=i 


where m ^ m + 1. We see that 


t=m—k 


ft = E ^(* - «.)* + + ... 


t=—k 
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If k > rii, we get 


K k+1 = 

i,Am—Ak—l 

(4m — Ak + 2 — 0^4m-4fe+4-/ x 
4(4m — 4 k — l) 

x(4(/?i_ 4 — (4 m — Ak + 4 — /)(4m — Ak + 3 — /)(4m — 4/c + 1 — /)(4m — Ak — /)). 

So, we obtain K^tm,-Ak-i 7^ 0 for / = 1, 3 and k > n t because 

4tpi _ 4 — (4m — 4/c + 4 — /) (4m — 4/c + 3 — Z) (4m — Ak + 1 — Z) (4m — 4/c — /)) 7^ 0, 

If k — m > Hi and l — 2, then A'”!^ 1 = 0 because of factor (4m — 4/c + 2 — /). 

But if A 4 commutes with an operator of order Ag + 2, then there exists a 
k < 3 + 1 such that Aj 4m _ 4fc+3 = A£ 4m _ 4fc+1 = 0 ^ ^,4m-i = ¥>i,4m-3 = 0. 


Theorem 1.1 is proved. 

3.2 Proof of corollaries and examples 


We know that 


/ 2 = 


3(v ? i,-4 — 280)( y Cj i _4 </ 9 i,- 4 (3<^i,o + Ci) 


8(x 


+ 


A(x 


+ C -2 + 0((x — a.i)), 


where Ci are constants and depend on Ci. Also A”^ 1 , +1 ^ 
why 


t=i 

/ni+l — 7 r a )4t + ^i+! + C((x - Oj)), 


4 n i + l 


0 and that’s 


We must choose constants Ci,...C g to vanish principal part of Laurent se¬ 
ries of function f n . +4 . This is always possible to do because linearly 

depend on C u A\ i^. +4 linearly depend on C\ and C- 2 , A" l ^. +8 depend on 
Ci, A”!^ 1 depend linearly on C'i,C nr We know that only constant 

function can be holomorphic and bounded function on C. Hence /' ,. +1 = 0. 
Corollary 1.2 is proved. 


If we take Ci = — A2g2 , then we obtain Example 1.4. 

3.3 Conjecture 

Consider /*,, where k ^ n l + 1. Assume that w(x) has m poles (in the 

i=m 

fundamental parallelogram or C). Take S — n i + 1. If (p^Ak-i — 0, 

2=1 
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(pi t 4 r -1 = —3 = 0, where k — 0,..., n t and r = n* + 1, S. We see from 

Lemma 3.3 that degree of pole at cij is not greater than n* for any k . We get 
that A\ 4n . linearly depends on Ci, Ck- ni , ^4|_ 4n . +4 linearly depends on 
C±, ..., Ck-m+h depends on C\, ..., CV So, we must choose constants to 
vanish S' — 1 terms and we have S constants. Apparently this linear system 
always has solutions , but it is not proved. 

4. Proof of Theorem 1.5 


Consider the differential equation 


d n w(x) 

dx n 


Pi(x) 


d n 1 w(x) 
dx ™- 1 


+ ... + P n _i{x) 


dw(x) 

dx 


P n (x)w(x) 


0. 


(14) 


We know from theory of ordinary differential equations (see pa chapter 16) 
that if w(x) has singularity at point a, then Pi(x) has singularity at point a 
for some i. A singularity is called regular if coefficients P^ have pole of order 
not greater than k for all k. Without loss of generality it can be assumed 
that a = 0 and we can write (14) in the following form 


n d n w(x ) 

X n —+X 


dx 


n 


„_ ln , ,d n 1 w(x ) „ , s dw(x) 

Pl(x) - + ... + xP n -i(x )—+ P n (x)w{x) = 0, 


dx 


dx 


where coefficients Pi(x) haven’t pole at point a. . Solutions in a neighborhood 
of regular singularity have the form (see [2] chapter 16) 


w(x) = ^ c mX m+(T . (15) 

m =0 


By L denote the operator x n d + x n ~ 1 P\ (x) d +... + xP n - 1 (x) 

P n (x)w(x) = 0 and 

[cr + m] n = (cr + m)(a + m — l)...(cr + n — m + 1). We get 


dw(x) 

dx 


Lw = L{^2 c m x m+a ) = '22 c m x m+a f(x , m + cr), 

m=0 m =0 


where f(x,m + cr ) = [a+ m] n +Pi(x)[a+ m] n -i + [a+ m\iP n - 1 (x) + P n (x) = 

OO 

X) f\{ m + &)x x . If Lw = 0, then 

A=0 


Co/o(o r ) = 0 

c i/o( cr + 1) + Cofi(a) = 0 
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c m fo(v + m) + c m _i/i(cr + 777 - 1) + ... + c 0 f m (a) = 0. 
Since c 0 / 0, it follows that 


fo(v) — [o"]n + [ cr ]n-l-Pl(0) + ... + [cr]iP n _i(0) + P n (0) — 0. (16) 

Let a be a root of (16). If fo(a + m) / 0, where m is integer, then we can 
find constants c m by the following formulas (see [HJ chapter 16) 


(-1 ) m c 0 F m (a) 



m /o( 

v + l)/o( cr + 2). 

• fo (v + 777 ) ’ 


where 

w 

+ 

1 

c+ 

1 

+ 

T 

'q' 

+ 

1 — 1 

fm(v) 


+ 

1 

1- 1 

1 

+ 

fm-2(v + 1), 

fm- l{v) 

F m (v) = 

0, 

c+ 

1 

+ 

fm—3 (,V + 1), 

fm—2 (v) 


0, 

0 , 

•••j fo(v + 1), 

/i(o-) 


So, if (Ji , crj are roots of fo(v) = 0 and cr* — (jj is not integer for all i / j, 
then all solutions of (14) have the form x a g(x), where g(x) is a holomorphic 
function. If for some i , j number cr* — Oj G Z, then solutions have the form 
go(x)ln k x + g\(x)ln k ~ 1 x + ... + g/x), where gi(x) could be equal zero. 
Consider the operator L 4 = d£ + u(x). We proved before that if L 4 commutes 
with an operator of order 4 g + 2, then u(x) can have pole only of order 4 and 
Pi -4 = rii(4n t + l)(4rij + 3)(4n* + 4). This means that eigenfunctions of L 4 
have regular singularities. Solutions of (16) have the form 

07,1 = |(1 - 4 rii - a/ 1 - 16nj - 16 nj) 

&i ,2 = |(l- 4 rii + y/l- 16 ni - 16 nj) 

3 = |(5 + 4 rii - a/1 - 16 nj - 16 nf) 

Vi ,4 = 1(5 + 477-1+ y/l - 1677, - 1677?). 

This means that solutions can have logarithmic terms because < 7^3 — oy 1 = 
Vi ,4 — Vi ,2 = 4rii + 2. But we proved that if L 4 commutes with operator 
4 g + 2, then p A k-i — 0, k — 0, ..., 77 j, l = 1,2,3. ffence, eigenfunctions in a 
neighborhood of pole a* have the form 


V+j/x) = aoX ai ’ k +a.4X ai ’ k+4: +.. .+a.4 ni x° 


’ k+Ani +a4 ni+l x° i ' k+Ani+1 +a Ani+ 2X ai ’ k+ini+2j r... 


Easy to check that we can find all coefficients explicitly. So logarithmic terms 
will not appear. 
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